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16. INTEGRATION

Defining Integration

Integration is defined as the reverse process of
differentiation. When we differentiate a function, the
result is called the differential. When we integrate a
function, the result is called the integral or the
antiderivative.

Notation
The symbol for integration is J. and the term or

expression that is to be integrated is called the
integrand. If the integrand is, say, a function of x,
then we must integrate with respect to x and this is
written as,

jf(x)dx

The integrand can be a function in any variable and
so we can have integrands such as

[fyar  [gwdr  [ne)do

Law of integration
To derive the law of integration, we are interested in
deriving a rule for the reverse process of
differentiation. Recall the rule for differentiation:

d |

—(x")=nx""

dx

To differentiate x", multiply by n and decrease the
power n by 1.

To integrate x", increase the power n by 1 and
divide by the new power, n+1.

The law of integration can now be formally stated.

n+1

w X
Jx dx_n+1

integration and n = —1.

+C, where C is the constant of

The constant of Integration

When we differentiate any constant, the result is zero.
Consider the following family of functions and their
derivatives.

d(2 _5
dxx)— X
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d
—(x?+6) =2x
dx

4 (x?2—4) =2x
dx
The integral of 2x can be any of the functions:
x2+0
X%+ 6,
x% — 4 or in general
x%+ some constant.
In fact, the integral of 2x can be represented by a
family of curves and not a definite curve. Let us
examine the graphs of these curves.
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We can deduce that

[2xdx =x?+C, where C is a constant to be
determined.

Since the result of this integral is dependent on the
value of C, we refer to integrals such as these as
indefinite integrals. At a later stage, we explain how
to evaluate this constant in a given situation.

We noted earlier that the differential of a constant is

zero, we can also conclude that the integral of zero is
a constant.
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The integral x~1

The fundamental law of integration is not applicable
to the integrand of x~1. This is the one case when the
rule, shown above, cannot be applied, that is, the
exception to the law.

If we tried to apply the law to, [x~%, we would
) -1+1 xO 1
obtain +C=—+C=—+C.
—1+1 0 0

This result is undefined or tends to infinity. So, we
can see that the law is inapplicable forn = —1.

1
When we have to integrate — with respect to x, we
X
obtain the following result.
1 .
I— dx=1In |x| + C, where C is a constant.
X

Since we can only find the log of a positive value, x
has a modulus sign. Note also that /n is really loge.

Integration of x™ and ax™

Just as in differentiation, if an expression is not in the
form that is conformable to the use of the law of
integration, we use algebraic techniques to express it
in such a form.

Example 1

J-% dx

Solution

1 _
j—3 dx =Jx *dx The law of integration can now
X

be applied.
-3+1 -2

[x*ar==—+Cc="scC
341 -2

= —% +C (where C is a constant)
X

Example 2

J.\/; dx

Solution

J\/; dxz‘[x% dxzx

1
S+1

l+1
2

3

x2
+C:T+C

2

= %\/; +C (where C is aconstant)
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The integral of ax”

When we have a coefficient of x" other than 1, we
can move it to outside the integral sign and integrate
as usual. However, the coefficient need not
necessarily be moved to attain the desired result. For
example, we may choose any one of the following
ways to handle coefficients.

3 — 3 3+1
J6x dx—6jx dx j6x3 dx:6x +C

4 3+1
=6 +C 6x'

4 -2 .c

. 4

X 4
=37+C =3';C +C

The integral of ax™ is defined as follows:

Jax" dx = afx” dx , where a is a constant

Example 3

Ii dx

4x

Solution

.[ 3 a’x:.[i1 dx

4\/; 4x?

=J.%x_; dx = %Ix_;dx

1
—EH 1
:é.xl +C:(§xgjx2+c
4 1., 4 1

2

:% x+C (where C is a constant)

Integrating a sum

When the integrand is composed of more than one
term, it must be written within brackets. Each term is
to be integrated individually and then the constant of
integration is added on in the final result.

J.(sz +8x) deIsz dx+_[8x dx
:%+%+C=%+4x2+c

(where C is constant)
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The integral of a constant, k

To evaluate Jk dx. We writekx=k because

x’=1. So,

j4 dx=j4x° dx

0+1

=4 +C=4x+C (where C is a constant)
0+1
Example 4
1
'[— —dx
2
Solution
J—l dx = J—lxo dx
2 2
1x0! 1 .
=—— +C=—-—x+C (where C is a constant)
20+1 2

We can now deduce, that when A4 is a constant, then

'[A dx=Ax+C (C is a constant)

Integral of products and quotients

We do not have a product rule or a quotient for
integration. In simple cases involving these
situations, we apply the distributive law to remove
the brackets and convert the expression to a sum of
terms.

Example 5

Ixz (3x—4) dx

Solution
First, we expand the integrand to get

Ix2 (3x—4) dx=I(3x3 —4x2) dx

Now we integrate each term separately:

Jx2(3x—4) dx= J(3x3 —4x2) dx

4 3
= % - 4% +C (where C is a constant)

Example 6

J(3x—1)(x+4) dx
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Solution
We expand the integrand to get:

[Bx=1)(x+4) dr=[ (3" +11x—4) dx

We proceed to integrate each term separately.

| (3r=1)(+4) dv=[ (35 11x-4) d
W

2 x4 C
302

11 .
=x'+ ?xz —4x+C (where C is a constant)

Example 7

()

Solution
We divide each term by x, to get:

j[4x3x_3x] dx zj[%‘}—%j dx
= [(4x* -3) ax

3
= 4% —3x+C (where C is a constant)

The integral of (ax+b)"

To find J.(Zx+ 3)n dx , when n= 2, we may choose

to expand as was done in the examples above.

As n becomes larger, say 3 or greater, the expansion
will result in many terms and integration can become
tedious. In such cases, the method of substitution is
very helpful.

I(ax + b)n dx

Let t=ax+b ﬂ:a dx:ﬁ

dx a
. n _ nﬁ_ tn+l
..J(ax+b) dx:Jt ~ _7(n+1)a+c

Re-substituting for ¢, we get the following rule:

n+1

(ax+b)

+C (where C is a constant)
(n + 1) a

J.(ax+b)" dx =
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We can apply the above rule in evaluating the
integral of functions of the form (ax + b)" as
illustrated in the following examples.

Example 8

J-(Zx— 1)10 dx

Solution
In this example, @=2, b=-Land n=10

(2\'— 1)1:
22

+C (where C is a constant)

I( 2x- 1»)10 dx=

Example 9

J.\/m dx

Solution

J\/‘bc——l deJ-(4x—l)% dx

In this example, ¢ =4, b=-1 and n= % .
L 3
—1)2 —1)2
o [Vax—Tax= ) N k) 02

(1+1Jx4 6
2
1 3 .
= 3 (4x— 1) +C (where C is a constant)

Example 10

1
=i

Solution

1
ot

Ej(zx—l)’% dx

Using the formula, a=2,b=-1 and n= —% , We
have

—l+1
3

. (2x+1)

1
| C
2e-1 (—éﬂ)xz 4

AT

== +C (where C is a constant)
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Using integration to find the equation of a
curve

We can use integration to find the equation of a curve
when we know its gradient function and one point on
the curve. The point will help us to find the numerical
value of the constant of integration.

Example 16

. . d .
The gradient function, _y’ of a curve is given by
x

6x” +6x—5 Find the equation of the curve if the

point (2, 12) lies on the curve.

Solution
The equation of the curve will be

y=I(6x2 +6x—5) dx
6x°  6x°

y= 5 + - 5x+C (where C is a constant)

y=2x"+3x"-5x+C

Since (2, 12) lies on the curve, then the value of C,

can be found by substitutingx =2 and y = 12

12=2(2) +3(2) =5(2)+C=16+12-10+C
12=18+C
C=-6

“The  equation of the  curve  is,
y=2x"+3x"=5x—6.

Indefinite and definite integrals

All the integration examples done so far are examples
of what is referred to as indefinite integrals. The
results were written in terms of the variable together
with the constant of integration added on.

For example, an integral such as Jx" dx =

n+1

I + C is said to be of indefinite value.
n+

As we shall explain in a later chapter on the meaning
of integration, indefinite integrals cannot be
evaluated and are non-numerical in nature.
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We can, however, evaluate a definite integral but we
must be given the limits that define the integral. We
do so by using the constants, a and b, called the upper
limit and the lower limit respectively.

When an integral is written as, jax" dx, it can be
b

evaluated to give a numerical value and is said to be a
definite integral.

In J fx" dx , 3 is the upper limit and 1 is the lower

limit.

b
To evaluate j x" dx , the procedure is as follows:

1. We first find the indefinite integral and which
is an expression in x.

2. Write the integral using square brackets and
place the limits, written in the same order, on
the outside of the outer square bracket.

3. Substitute x = b the upper limit, in the
integral.

4. Substitute x = a the lower limit, in the
integral.

5. Subtract the value obtained in step 4 from the
value obtained in step 3. The numerical result
is the definite integral.

Example 11

Evaluate Jllz x* dx.

Solution

'[lzxz dx = {% + C} (where C is a constant)

Q+C Q+C
3 3

= 22+C - l+C :2l
3 3 3

Notice that the constant of integration cancels off in a
definite integral and so it may be excluded in the
evaluation. It is considered good practice, though, to
write it in the step immediately following the
integration and omit it afterwards.

3 2
1
3
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Example 12

Evaluate J. (2x-3) dx.

1
=l

Solution
[ (2x-3) 411)c={27)‘2—3,x+c]1
=[x2 —3X+C]]_l
{0 =3(-0}-{(-1 =3¢}
=(1-3)-(143)=—2-4=-6
Example 13

Evaluate J': (2x - 1)4 dx

Solution
Using the formula, a =2, b=—1andn=4

. (2x-1)
[(2x-1) dv ===+ C

5 5
_(5) _(3) _3125 243
1010 10 10
=@=336i units
10 5

Example 14

Evaluate .[02 J4x+1 dx .

Solution

[ax+1 dxzj(4x+1)% dx

1
—+1
2
.‘.jv4x+1 dx=%+C
4(+1]
2

_ (4x+1)? i J@x+1y LC

6 6
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Rules involving definite integrals
If f (x) is continuous (the graph runs continuously)
in the interval [a, c], the following rules are used

when evaluation definite integrals.

[ (x)ae=—]"r(x) dr
[ £ () de=[r(x) drs [ £(x) ds

(where b lies between a and c)

The examples, shown below, give an illustration of
these rules.

We can illustrate that le 3x dx =— _[213)( dx

2 3x? :
J 3x dx=|:L+C]
1 2

1

s
2 2 2 2

5 1
J13x dxz{Si+C}
2 2

2

NECRRECR I
o2 2 |2 7 2

o 2 4 4
Similarly, Jl 3x dx+j2 3x dx = Jl 3x dx

2 4 3x2 3x2
f3x dx+f3x dx=[—]3+[—]%
1 2 2 2

_ 3@ 3012 | 3’ 3

2 2 2 2
= (6 3+24- 6—4-1+18—221
=(6—3)+ (24~ 6) =45 +18 =225
270 3(4) 3(1)
[3eae=| 2 30 30) 3 5,0
1 2 ] 2 2 2 2
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The integral of trigonometric functions

We already know the differential of the basic
trigonometric functions, so we can state their
integrals as follows.

jcosx dx=sinx+C

fsinx dx =—cosx+C

where C is a constant

Example 6
_[ cos2x dx
Solution
Let ¢t =2x, a_,
dx
_[cos 2x dx = jcost % = i;t+ C[C is a constant]

jcos2x dx=%sin2x+C

Example 7

f sin 3x dx

Solution

Lett = 3x, £ =3
dx

dt cost
-'-fsin3xdx=fsint?:— 3 +C

1
fsin3x dx = —§cos3x+ C

We can, therefore, state the following:

1
fsinax dx = —Ecosax+ Cc

1
fcosax dx =Esinax+C

Example 8

Evaluate J 05 sin % xdx.
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Solution
Let ¢ = l X, ﬁ = l
2 dx 2

J.sin%x dx:Jsint . 2dt

:—(cost)2+C:—2cos%x+C

s

= 171
J.zsm—x dx=|-2cos—x| = —2005z —(—2c0s0)
) 2 1, 4

1 2 2 2
=[—2x$]—(—2x1)=2—$=2—$x$=2—\/5

Example 9

Evaluate, J. 12 sin(37x) dx.

Solution
Let t =37zx ﬂ =3r
dx
dt
cosin(37x) dx = |sint —
[sin(37x) dv = [sint —
_ —cost L C
kY4
__cos 37x L C
kY4
2 cos3zx |’
J sin(37zx) dx = {— }
! 3z i

B _cos37r(2) ~ _cos37r(l)
B 3z 3z
:L(—cos67r+00537r)

RY/4

= (1) ()= Cexact)
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